ON A CERTAIN CLASS OF K a6 BANACH SPACES 

K.K. KAMPOUKOS AND S.K. MERCOURAKIS 

^. ' Abstract. Using a strengthening of the concept of lC a s set, introduced 

in this paper, we study a certain subclass of the class of lC a $ Banach 
spaces; the so called strongly JC a s Banach spaces. This class of spaces 
includes subspaces of strongly weakly compactly generated (SWCG) as 
Vh J well as Polish Banach spaces and it is related to strongly weakly JC- 

analytic (SWKA) Banach spaces as the known classes of K, a s and weakly 
/C-analytic (WKA) Banach spaces are related. 



Oh! 

< 

(N 



[t , ; Introduction 



43 



In this paper we study a certain subclass of K. a s Banach spaces ([Tl], 
|A-A-M T] and |A-A-M 2] ) and simultaneously a subclass of strongly weakly 
/C-analytic (SWKA) Banach spaces ( |M-S] ) . Strongly /C-analytic topologi- 
cal spaces (a class of spaces contained in /C-analytic spaces) were introduced 
t^. . in [M-Sj in order to study subspaces of strongly weakly compactly generated 

(SWCG) Banach spaces; the latter class was introduced by Schluchtermann 
and Wheller in pTW] (see also [F-M-Z-2] and }L-R] ). SWKA Banach spaces 
are those Banach spaces which are strongly /C-analytic in their weak topol- 
ogy and include subspaces of SWCG Banach spaces ( |M-Sj ) . We recall that 
weakly /C-analytic (WKA) spaces, defined as those Banach spaces which are 
/C-analytic in their weak topology ( |Tlj . [V]). include JC ff s Banach spaces 
(i.e. those Banach spaces X which are KL a $ sets in (X**,w*))). The in- 
terrelation and analogies between the above mentioned "strong" classes of 
spaces and also the structure of SWKA Banach spaces are discussed and 
investigated in |M-S] (see also |K-M] ). 

In Section [TJ of the present paper we strengthen the K a $ property of a 
subset of a topological space by introducing the concept of a strongly K a & 
set (Def. II. ip . Our motivation was to find a characterization of strongly 
/C-analytic topological spaces in the sense of Choquet; recall that a topo- 
logical space is /C-analytic according to Choquet, if it is a continuous image 
of a K a $ subset of some compact space (see |J-Rj ). So we prove that a 
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topological space is strongly /C-analytic if and only if, it is an image un- 
der a (continuous) compact covering map of a strongly K a & subset of some 
compact space (Th. I1.13p . We also prove that any Polish subspace of any 
compact space K is a strongly K. a $ subset of K (Th. II. 11 j) . Then we char- 
acterize strongly K, a s sets in a topological space X as those sets A C X such 
that JC(A) (the set of compact non empty subsets of A) is a JC a g subset of 
JC(X), where the latter space is endowed with Vietoris topology (Th. I1.14p . 

In Section [21 we deal with a natural generalization of SWCG Banach 
spaces. A SWCG Banach space X is one which is strongly generated by a 
weakly compact set K C X. We consider a superspace Z of X and we let 
the strongly generating weakly compact set K be contained in Z. In that 
case we say that X is SWCG with respect to Z. It is clear that the new 
class is closed under (closed) subspaces; on the other hand by |M-Sl Th. 
3.9] the class of SWCG is not. So the new class strictly contains the class of 
SWCG. Besides this fact, we show that the new class has similar properties 
with the old one (cf. |S-Wj ). So we prove a characterization of the new class 
using the Mackey topology on the dual space (Th. |2.10p and we show that 
their members are weakly sequentially complete spaces (Th. I2.20p . We also 
prove by an example that the new class is not closed for countable £ p -sums, 
1 < p < +oo, even in the case when each space is SWCG (Th. |2.25[) . Our 
example, a separable weakly sequentially complete space not isomorphic to 
a (subspace of) SWCG, has stronger properties than |S-W[ Example 2.6]. 

In Section [3j we introduce the common subclass of K. a $ and SWKA Ba- 
nach spaces, which we mentioned in the first lines of this introduction. A 
Banach space X will be called a strongly K a $ space, if it is a strongly K a & 
subset of (X**, tu*). It should be clear that such a Banach space is K, a § and 
SWKA. Note that every separable Banach space is fC ff s, but not necessarily 
a strong K, a s space; indeed, the space co(N) is not even SWKA ( |M-S] ) . 
The class of strongly K. ff s Banach spaces is related to the class of SWKA 
Banach spaces as the familiar classes of K. a s and WKA Banach spaces are 
related. Every Banach space which is SWCG with respect to a superspace 
and every Polish Banach space is strongly JC a s (Ths. I3.2l and [3.4p . Moreover 
the class of strongly K, ff § Banach spaces is closed under countable £ p -sums, 
1 < p < +oo (Th. 13. 7p . Finally, we investigate locally (in the weak topology 
of a Banach space) the property of strong /C-analyticity and the property 
of a set to be strongly K, a g. We conclude with some open questions. 
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Preliminaries and notation 

We denote by S the set N N of infinite sequences of positive integers, 
endowed with the cartesian topology, which makes S (usually called the 
"Baire space") a Polish space (i.e., homeomorphic to a complete separable 
metric space). S stands for the set IJ^Lo^™' ( r ^° = ^) °f finite sequences of 
positive integers. We give S the partial order of "initial segments" which 
makes S into a tree: for s = (si, . . . , s n ), t = (ti, . . . , t m ) members of S we 
define s < t if n < m and Sj = t, for alH = 1, 2 . . . , n. If s = (si, . . . , Sk) G 5 1 , 
cr = (m, ri2, • • • , rik, . . .) G £ and m G N, then we write: (i) s < o if Sj = n, 
for all i = 1, 2, . . . , k (ii) c|m for the finite sequence (n 1; n 2 , ■ ■ ■ , n. m ). For t, 
cr G S we set a < r if c(n) < r(n) for all n G N. 

In the present paper by the term topological space we mean a Hausdorff 
and completely regular space. For a topological space X, JC(X) is the set 
of compact non empty subsets of X. If Y is a topological space, a map 
F : V i-> /C(X) is said to be upper semicontinuous (usco) if for every y &Y 
and V^ open subset of X with F(y) C 1/ there exists a neighbourhood P^ of 
y such that F(W) = \J{F(t) :teW}CV. 

A topological space X is called /C-analytic if there exists an usco map 
F: S — )• /C(X) such that F(£) = X. Moreover, if for each compact subset 
L of X there exists o G X such that L C -F(cr) the space X is called strongly 
/C-analytic (|M=5]). 

A topological space X is called Cech complete if it is a G<5 subset in some 
(every) compactification cX of X. 

Let X be a Banach space, e > 0. A bounded subset M of X is called 
e-weakly relatively compact if M CI| eBx** ■ 

We use [L-Tj and [F-H-H-M-Zj as basic references for the theory, notation 
and terminology of Banach spaces and |J-R] for the theory of /C-analytic 
and countably determined topological spaces. If X is a (real) Banach space, 
then B x and B x * are the closed unit balls of X and its dual X* respectively. 

1. Strongly K, a& topological spaces 

We recall that a subset A of a topological space X is called K a s if there 
exists a countable family {K n ^ m : n,m G N} of compact subsets of X such 
that A = fl^Li Um=i Kn,m- In other words A is a /C CT( s subset of X if A can 
be written as a countable intersection of a -compact subsets of X. 

In the next definition we strengthen the concept of the K a s subset of a 
topological space. 
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Definition 1.1. A subset A of a topological space X is called strongly }C a § 
if there exists a countable family {K n>m : n,m G N} of compact subsets of 
X such that: 



IOO 

L n,m- 



(ii) For each compact subset K oi A and for each n6N there exists m G N 
such that if C K n ^ m . 

Remark 1.2. (i) It is clear that a strongly /C CT ^ subset of a topological 
space X is a K, a s subset of X. 

(ii) It is easy to check that if A is a JC a s (resp. strongly /C^) subset of 
a topological space X and B is a relatively closed subset of A, then B is a 
/C CT 5 (resp. strongly JC a g) subset of X. 

We now give some simple examples of strongly /C CT( 5 subsets. We first 
recall that a topological space X is said to be hemicompact if it can be 
written as X = IJ^Li ^n, where K n are compact subsets of X such that 
each compact set in X is contained in some K n . It is obvious that every 
hemicompact subspace A of a topological space X is a strongly JC a s subset 
of X. 

Example 1.3. (a) Every cr-compact and locally compact space is hemi- 
compact ([E, p. 250]). A considerable class of such spaces is the class of 
locally compact, metrizable and separable topological spaces. In particular, 
an open and F a subset of a compact space is in the relative topology cr- 
compact and locally compact space, (b) Every countable Hausdorff space 
whose compact sets are finite is hemicompact. (c) Every dual Banach space 
X*, endowed with the w* topology is hemicompact. 

Proposition 1.4. Every strongly JC a $ subset A of a topological space X is 
in the relative topology strongly IC-analytic. 

Proof. Let (K n>m ) be a double sequence of compact subsets of X, which sat- 
isfies conditions (i), (ii) of Def Jl.ll We can assume and we do that for each 
n E N the sequence (K n)m ) m is increasing. For each s = (mi, m 2 , . . . m n ) G 
S, put B s = niLi Kim- Let if be a compact subset of A. Then according 
to condition (ii) of Def Jl.ll for each i G N there exists rrii G N such that 
K C K;^ mi . If we set o = (mi,m2, . . . rrii, . . . ), then we have 

oo oo 

K C fl K itmi , hence K C f] B a]n C A. 

i=l n=l 
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It is not difficult to see that the map 

F:Z^K.(A) with F(a)=f]B <r{n 

71=1 

is usco with F(Yj) = A, hence the space A is strongly /C-analytic. □ 

Corollary 1.5. Let A be a metrizable and strongly K a $ subset of a topolog- 
ical space X. Then A is a Polish space. 

Proof. It is immediate from Prop Jl .41 that A is a strongly /C-analytic and 
metrizable. Then the result follows from |M-S1 Prop. 1.11.1]. □ 

We proceed to prove a characterization of strongly /C-analytic spaces 
analogous to the Choquet characterization of /C-analytic spaces. We need 
some results that seems to have independent interest. 

Proposition 1.6. Let (Ai)i be a sequence of (strongly) K a $ subsets of a 
topological space X. Then A = ^*L 1 A i is a (strongly) fC a s subset of X . 

Proof. Given ieN there exists a double sequence (K l n m ) of compact subsets 
of X with Ai = n^Li Um=i K l nm (such that for each pair i, n G N and for 
each compact subset L of A t there exists m EN such that L C K l n m ). Then 
iXi A i = Di,n Um=i K i, m and the conclusion follows. □ 

Proposition 1.7. Let X be a topological space, A, Y subsets of X such 
that A cy and A is a (strongly) JC a s subset of X . If Y is a (hemicompact 
subset of X) o-compact subset of X , then A is a (strongly) JC a s subset of 
Y. 

Proof. It is enough to notice the following. Let K n>m and Oj, n, m, I £ N 
be compact subsets of X such that A = H^Li Um=i Kn,m an d Y = U^i ^i- 
Then A — A f] Y — f] n [J m t [K n ^ m f] Qi) and the conclusion follows. □ 

In the sequel we prove that the product of two (strongly) K, a $ subsets is 
also (strongly) JC a s, hence inductively we have that the class of (strongly) 
ICas subsets is closed under finite products. Moreover, if we consider a 
sequence (Ai) of (strongly) K a $ subsets of compact spaces (XA respectively, 
then the product n^i ^ ^ s a (strongly) JC„s subset of the space n^i^«- 

Proposition 1.8. Let A\, A2 be (strongly) /C a s subsets of the topological 
spaces X 1 and X 2 respectively. Then the set A\ x A 2 is a (strongly) K a s 
subset of the topological space X\ x X 2 . 

Proof. It is enough to prove only the case when Ai, A 2 are JC a s sets. For 
each i = 1,2 there exists a double sequence (K % n m ) n)rn of compact subsets of 
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Xi which satisfies the requirments for a K. a s set. For each jieNwe consider 
the countable family {K^ m x K% : mi,m 2 G N} of compact subsets of 
X x x X 2 . Then A 1 xA 2 = |X =1 U(^n, mi * K,m 2 ■ ™i,™2 e N} and the 
conclusion follows immediately. □ 

Proposition 1.9. Lei Ai be a (strongly) JC a $ subset of a compact space Xi 
for each i G N. Then the set YYuLi A ^ s a (strongly) K a s subset of the space 

Proof. Let us prove this time the strongly K, ff $ case. For each n G N by 
Prop. ll.Sl the set Yl7=i ^i is a strongly K a $ subset of the space Yli=x Xi- The 
space n^n+i^ * s compact, so the set Y\d=i A x ll^n+i^ * s a strongly 
fC a s subset of the topological space niLi-^t x lli^n+i^> that i s > °f the 
space n^i Xi- By Proposition II .6[ a countable intersection of strongly JC a s 
subsets of a topological space is a strongly K a $ subset, so the set 

oo / n oo 

n n-4.x n * 

n=l \i=l i=n+l 

is a strongly JC a s subset of n^i^«- Furthermore 

oo / n oo \ oo 

n=l \«=1 i=n+l / i=l 

and the conclusion follows. □ 

Remark 1.10. The above result fails to be true if compactness of Xi is 
omitted from the hypotheses. Indeed, let A* = N and Xi — R for each 
i G N. Then rj~i A = N N = 27 C [J^i X; = M N . But the Baire space 27 
is not a /C CT< 5 subset of 1R N . If it was, then it would be a-compact, which 
contradicts Baire's theorem. We note that a K a & subset of a topological 
space X is contained in some a-compact subset of X and the space N N is 
a closed subspace of 1R N . 

Theorem 1.11. Let M be a Polish subspace of a compact space K . Then 
M is a strongly K, a s subset of K. 

Proof. It is clear that we can assume that M is dense in K. Consider a 
complete metric d, that induces the topology of M. For each ngN and 
for each x G M choose an open subset V n (x) of K such that x G V n (x) 
and diam(V r n (x) fl M) < -. Define V n = U x£M V n (x). It is rather easy to 
see from completeness of (M, d) that M = H^Li ^n ( see [Chr} Lemma 2, p. 
40]). For each x G M consider an open subset W n (x) of K such that 



x G WJx) C WJx) C V n (x) 
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The space M is a seperable metric space, hence Lindelof. Consequently the 
open covering { V n (x) : x G M} of M has a countable subcovering. Then for 
each neN choose a sequence (x n , m ) m of M such that M C |J^ =1 W n (x n)m ). 
Then M C |T=i Um= i W n (x n , m ) C fX° =1 Um=i K(x„, m ) C M, hence M = 
fl^iUm^^K™)- For each ™,m G N put G n>m = \Jk=i W n{x n ,k) and 
then M = f]^Li Um=i C«,m- Let L be a compact subset of M and n G N. 
Then the open covering (W n (x n , m ))™ =1 of L has a finite subcovering, hence 
there exists m G N such that L C UfeLi^n(^n,fe), so L C G n/m and the 
proof is complete. □ 

Remark 1.12. A similar argument proves that every Cech complete and 
Lindelof space X is strongly K a s in every compact superspace of X (cf. the 
proof of [E, Th. 3.9.2]). 

We recall that a continuous map /: X — y Y is called compact covering 
if for every compact subset L of Y there exists a compact subset K of X 
such that f(K) = L. It is clear that a compact covering map is surjective. 

Theorem 1.13. Let X be a topological space. The following are equivalent: 

(i) X is strongly K. -analytic. 

(ii) There exists a compact topological space Q, a strongly JC a $ subset C of 
Q and a compact covering map f: C — > X. 

Proof, (ii) =^> (i) It is an immediate consequence of Prop. 11.41 and |K-Mt 
Prop. 3.4] 

(i) =>- (ii) From |K-Mt Prop. 3.2] X is the image through a compact 
covering map / of a closed subset C of a space M x K, where M is a Polish 
space and K is a compact space. Let K be a compactification of M. From 
Th. ILIU M is a strongly K a $ subset of K , consequently by Prop. 11.81 the 
space M x K is a strongly K. a s subset of the compact space Vt = K x K. It 
follows that C is a strongly JC a g subset of Q, as a closed subset of M x K. 
(cf. Remarks O and EH) □ 

The following result is analogous to jALSl Th. 1.12] and [K^Ml Th. 3.1]. 
We recall that if X is any topological space then the Vietoris topology on 
)C(X) has a basis consisting of sets of the form 

p(Vi, . . . , V n ) = I K e K(X) : K C Q Vi and K n VJ ^ for i = 1, . . . , n 

where n G N and Vi, . . . , V n are open non empty subsets of X (cf. [El p. 
162]). 
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Theorem 1.14. Let X be a topological space and A C X . The following 
are equivalent: 



(i) A is a strongly JC a s subset of X . 
(ii) JC(A) is a strongly JC a $ subset of 1C(X). 
(iii) 1C(A) is a JC a s subset of K{X). 



Proof. (i)=^(ii) As A is a strongly K a $ subset of X, there exists a dou- 
ble sequence K nrn , n, m G N of compact subsets of X such that A = 
fl^Li Um=i Kn,m an d for each compact subset L of A and for each n G N 
there exists m G N, such that L C K n ^ m . We shall prove that the double 
sequence K.(K n>m ), n, m G N of compact subsets of JC(X), makes JC(A) into 
a strongly /C CT( j subset of JC(X). 
Step 1. Claim: K(A) = fC =1 U£=i £(#»,.«)■ 

Let K G /C(v4). As A is a strongly /C CT( s subset of X, for each n G N 
there exists m G N such that K C K n>m . In other words if G JC(K nm ), 
hence if G LCU^C^,™)- Tnen £(4) £ fC=i LC=i ^( K n,m)- Assume 
-K" e fl^Li Ur=i^(-^ re . m )- For eacn "^ there exists m G N, such that 
if G /C(if n>m ), that is if C if„ jm , hence if C f)™ =1 |J~ =1 if n>rn , that is, 
if C A. Consequently DnLi Um=i ^■(^■n,m) ^ ^(^) an d the proof of the 
claim is complete. 

Step 2. Claim: For each n G N and for each compact subset L of /C(A) 
there exists m G N such that L C /C(if n , m ). 

Let n G N and L a compact subset of JC(A). Consider the set X L = [\L = 
U{ K \ K £ L} , that is a compact subset of A. Then there exists mGN 
such that Xl C if n , m . Thus for each K G L we have X C K n ^ m , that is, 
if G /C(if n>m ). Then L C /C(if nm ) and the proof of the claim is complete. 
Thus JC(A) is a strongly KL a $ subset of JC(X). 
(ii)=^(iii) It is obvious. 

(iii)=>-(i) Let {Q n ,m '■ n, m G N} be a double sequence of compact sets in 
fC(X) such that fC(A) = f£Li Um=i ^n,m] then setting Y s = (X=i^hm 
for s = (mi,rri2, ■ ■ -ra n ) we get that K,(A) = Uo-Dn^l" anc ^ the map 
a — *> n^Li ^o-|n is usco. For each n, m G N the set if n ,m = U{^ : K e ^n,m} 
is compact in X. Now let 5 = Hnli Um=i -^n,mj it is enough to prove 
that A = B. It is obvious that A C 5; let x G 5. Then there ex- 
ist sequences a = (m n ) G £ and (K n ) C /C(X) such that a; G if„ and 
if„ G fin,m n for all n G N. Then the sequence (K n ) has a limit point, say 
K e nr=i fi n,™„ = f| y *|n (see jA-A-M 11 Lemma 3.1]). Therefore X is a 
compact subset of A and a; G K C A. D 
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Remark 1.15. A K. a s subset of a compact space is not necessarily a strongly 
tCps set. Indeed, let A = [0,1] and A = Q fl A; then A is a (countable and 
hence) cr-compact set, but it is not a strongly /C-analytic space (see Prop. 
11.71 and |M-Sj Prop. 1.15]). Note that there exist countable topological 
spaces, which are not even strongly countably determined (see |K-M[ Re- 
mark 4.4] and pVTSl Example 2.9]). 

Question 1.16. Let K be a compact space and ICif. 

(i) Assume that A is a strongly /C-analytic subspace of K. Is then A a 

strongly /C CT( 5 or at least a JC a s subset of Kl 
(ii) Assume that A is a strongly JC a s subset of K. Is then A strongly K, a s 

in every compact space, which contains A homeomorphically? 

Remark 1.17. The analogous questions in the /C^ case have both nega- 
tive answers. Indeed, concerning the first question, consider a Borel (or an 
analytic non Borel) non K, a s subset of [0, 1]. For the second, note that Tala- 
grand ( |T2j ) was the first who constructed a counterexample; still another 
counterexample can be found in |A-A-M T] , 

2. Banach spaces SWCG with respect to a superspace 

We recall that a Banach space A is called strongly weakly compactly 
generated (SWCG) if there exists a weakly compact subset A of A that 
strongly generates A, that is, for every weakly compact subset L of A and 
for every e > there exists n£N with L C nK + eBx- The class of SWCG 
Banach spaces is introduced and studied by Schluchtermann and Wheeler 
in [S- Wj . In the next definition we generalize the concept of SWCG Banach 
space, considering the weakly compact subset K, that strongly generates A 
in a superspace Z of A. Thus, we are led to the following definition. 

Definition 2.1. Let A, Z be Banach spaces with A C Z. We shall say 

that A is strongly weakly compactly generated (SWCG) with respect to (or 
relatively to) Z if there exists a weakly compact (convex and symmetric) 
subset K of Z, such that for each e > and for each weakly compact subset 
L of A there exists n G N with L C nK + eBz- 

Remark 2.2. (i) The previous definition is equivalent to the following: A 
Banach space A is SWCG with respect to a superspace Z if there exists a 
sequence (K n ) of weakly compact, convex symmetric subsets of Z such that 
for every weakly compact subset L of A and for every e > there exists 
n G N with LCK n + eB z (cf. [S=W1 Th. 2.1]). 
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(ii) Let Z be a SWCG Banach space, according to the definition given in 
|S- W] . and let Kbea weakly compact set, that strongly generates Z. It is 
clear that if X is a closed linear subspace of Z, then K strongly generates 
X according to Defin. 12. 11 Moreover as there exists a closed linear subspace 
X of Z = Li[0,l], that is not SWCG ( [ATSl Cor. 3.10], [H]), Defin. 1231 
makes sense. If X = Z, then Defin. 12.11 gives us the concept of the SWCG 
Banach space according to Schliichterman and Wheeler ( |S- W] ) . 

(iii) Let X, Z be Banach spaces such that ICZ and X is SWCG with 
respect to Z. If Y is a closed linear subspace of X, then it is SWCG with 
respect to Z. Thus the class of spaces introduced by Defin. 12.11 is closed 
under subspaces. 

Proposition 2.3. If a Banach space X is SWCG with respect to a Banach 
space Z , then there exists a WCG Banach space Y , with X C7 C Z , such 
that X is SWCG with respect to Y . 

Proof. Consider a weakly compact subset K of Z, that strongly generates 
X . Put Y = (K) (the closed linear hull of K in Z). It is evident that Y is 
a proper space. □ 

Remark 2.4. (i) Let X C Z 1 C Z 2 be Banach spaces. If X is SWCG with 
respect to Z\, then it is SWCG with respect to Z 2 - 

(ii) Let ICZbe Banach spaces, such that X is SWCG with respect to 
its superspace Z. By Prop. 12.31 Z may be assumed WCG, consequently X 
as a subspace of Z is WKA. Later we shall prove that X satisfies stronger 
conditions. More precisely, we shall prove that X is SWKA (Cor. 12. 191) and 
moreover is a strongly )C ff $ subset of (X**,w*). 

In the sequel we prove that the above property remains invariant under 
isomorphisms. In fact, we prove something more general. This property is 
preserved by weakly-compact covering linear operators. 

Proposition 2.5. Let X ,Y , Z be Banach spaces such that X is SWCG 
with respect to Z . If there exists a weakly-compact covering linear operator 
T: X — >■ Y ' , then there exists a Banach space Z\, such that Y is SWCG 
with respect to Z\. 

Proof. The Banach space Y is contained isometrically in the Banach space 
^oo(-T) for some set r. The space ^oo(-T) is injective, so there exists a 
bounded linear operator T: Z — > £oo(r), that extends T. Put Z\ = i^ (J 1 ) 
and Q = T(K), where K is any weakly compact subset of Z that strongly 
generates X. We are going to prove that Q strongly generates Y. Consider 
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a weakly compact subset L of Y and e > 0. As the oparetor T is weakly 
compact covering, there exists a weakly compact subset L\ of X, such that 
T(Li) = L. The set K strongly generates X, hence there exists n G N 
such that L x <Z nK + t^Bz, hence T{L X ) C nf (if) + ^T(5 Z ). Then 
L C nfi + TjJnrllT'll-Bzi, that is, L C nf2 + eBz 1 - Thus the weakly compact 
set Q strongly generates y, so Y" is SWCG with respect to Z\. D 

Proposition 2.6. Lei X ; Z be Banach spaces and X is SWCG with respect 
to Z. If Y is isomorphic to X, then there exists a Banach space Z\, such 
that Y is SWCG with respect to Z\. 

Proof. The proof is immediate by Prop. 12.51 □ 



The next result is the analogue of |S-W] Th. 2.7] (and also of |K-M 
Prop.4.2]). 

Proposition 2.7. Let X , Z be Banach spaces and X is SWCG with respect 
to Z . If Y is a reflexive subspace of X , then the space X/Y is SWCG with 
respect to a Banach space Z\. 

Proof. The natural map it: X — > X/Y with tt(x) = x + Y is weakly- 
compact covering (cf. |K-Mt Prop. 4.2]). So our claim is immediate from 
Prop. E3 □ 

Proposition 2.8. Let X , Z be Banach spaces and X is SWCG with respect 
to Z. If X separable, then there exists a separable Banach space Y, such 
that X is SWCG with respect to Y . 

Proof. As we proved above X is SWCG with respect to a WCG Banach 
space, so we can assume that Z is WCG. As X is a separable subspace of 
a (non separable) WCG Banach space there exists a projection 

P: Z -)■ Z with ||P|| = 1 , P(Z) separable and X C P(Z) . 

(cf. jLj Th. 3.1]). We are going to prove that X is SWCG with respect to 
the separable Banach space Y = P(Z). Consider a weakly compact subset 
K of Z, that strongly generates X and put Vt = P(K). 

Let L be a weakly compact subset of X and e > 0. Then there exists 
neN such that L C nK + eB z , hence P(L) C nP(K) + eP(B z ). As P is 
a projection with ||P|| = 1 and KIC P{Z), by the last relation follows 
L C nfi + eBy- Therefore X is SWCG with respect to the separable Banach 
space Y. □ 
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Remark 2.9. The separable space Y of Prop. 12.81 can be chosen to be the 
space C(Bx*)- Indeed, Y is embedded into C(By*), which in its turn is 
isomorphic (by Milyutin's theorem) to the space C(Bx*)- We do not know 
whether this result holds true in the case where X is not separable. 

In the sequel we state a characterization of the class introduced by Defin. 
12. 1[ which is analogous to the characterization of the class of SWCG Banach 
spaces ( |S-Wl Th. 2.1]. Since its proof is analogous to the corresponding 
proof for SWCG spaces, we give a brief outline of it. 

Theorem 2.10. Let X be a Banach space. The following are equivalent: 

(i) X is SWCG with respect to a Banach space. 

(ii) X is contained in a Banach space Z and exists a metrizable topology 
r d in B z * such that: 

(a) The Mackey topology r on Bz* is finer than t&. 

(b) The topology t^ is finer than topology tx on Bz* of uniform con- 
vergence on weakly compact subsets of X. 

Proof. (i)=r- (ii) Let IC2 and K C Z be a weakly compact convex and 
symmetric set that strongly generates X. A metric d whose topology r^ 
satisfies our requirements is the following 

d(x*,y*) = max{|x*(x) —y*(x)\ : x G K} for all x*,y* G Bz* ■ 

(ii) =>- (i) Let Zbea Banach space with X C\ Z, that satisfies conditions 
(a) and (b). Consider a neighbourhood base (U n ) of for (Bz*,Td). As 
the Mackey topology r is finer than the metric topology r^ there exists a 
sequence (K n ) of weakly compact convex symmetric subsets of Z such that 
K® f] B z * C U n for all n EN. Let L be a weakly compact subset of X and 

< £ < 1. Put c = -. As the metric topology r^ is finer than Tx there 

e 
exists n G N such that U n C (cL)° fl Bz*. We continue as in the proof of 

implication (a)^(b) of jSAVl Th. 2.1]. □ 

Remark 2.11. The metric d, that appears in the proof of direction (i)=>- 
(ii) of Th. 12.101 is nothing else but the metric of supremum norm of the 
space C(K). Indeed, the operator T: Z* ->■ C(K) defined by T(z*) = z*\K 
is bounded, linear and 1-1 (as K can be assumed total in Z). Moreover T is 
(w*,r p ) continuous (where t p is the topology of pointwise convergence), so 
Q = T(Bz*) is Tp-compact set homeomorphic with the unit ball (Bz*,w*). 
It is also bounded, so Grothendieck's theorem implies that it is weakly 
compact. Therefore the space Q endowed with the metric of supremum 
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norm is a complete metric space, as a closed subset of the Banach space 
C{K). 

Corollary 2.12. Let X C Z be Banach spaces and X is SWCG with respect 
to Z. If X is separable, then the space (Bx*,t) is analytic, where r is the 
Mackey topology on X* . 

Proof. We can assume and we do that Z is separable, so by the previous 
remark C(K) is a separable Banach space (as K is weakly compact metriz- 
able set). It follows that the closed subspace Q = T{B Z *) of C{K) endowed 
with the metric d of supremum norm is a complete separable metric space. 
By assertion (b) of (ii) of Th. I2.1UI the map 

$:(Bz.,T d )->(B*.,T) with Hz*) = z*\X 
is continuous and onto, hence the conclusion follows. □ 

Remark 2.13. A separable Banach space X such that the space (Bx*,t) 
is analytic is not necessarily SWCG with respect to some Banach space. 
Indeed, consider a non reflexive Banach space X with separable dual. Then 
by Cor. 12.221 (or 12.231) X does not satisfy Def. I2.lt on the other hand since 
the norm topology is finer than the Mackey topology on Bx* we get that 
(Bx*,t) is an analytic space. 

As we have noted (Rem. 12.21 ) a closed linear subspace X, of a SWCG 
Banach space Z, is SWCG with respect to Z. But we do not know the 
answer to the next question. 

Question 2.14. Let XCZbe Banach spaces and X is SWCG with respect 
to Z. Is then X isomorphic to a subspace of a SWCG Banach space? In 
other words can we always assume in Def. I2.1l that Z is SWCG? (According 
to Prop. 12.31 we can always assume that Z is WCG.) 

In the sequel, we are going to prove that the class defined by Def. 12.11 is 
contained in the class of SWKA Banach space. We generalize Def. 12.11 and 
we shall prove that the (at least formally) larger class has the same property. 
Firstly, we recall an internal characterization of subspaces of WCG Banach 
spaces, due to Fabian, Montesinos and Zizler ( |F-M-Z-"lj Th. 1]). Namely, 
it is proved that the following significant result holds: 

Theorem (Fabian, Montesinos, Zizler). A Banach space A is a subspace of 
a WCG Banach space if and only if for each peN there exists a sequence 
(M niP ) n consisting of — weakly relatively compact subsets of X such that 

X = {JZl Mn, P - 
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A natural question which arises from the previous theorem is whether 
we can give an analogous characterization for subspaces of SWCG Banach 
spaces. Presently, we do not have an answer to this question, but a necessary 
condition for a space to be SWCG with respect to a Banach space, according 
to Def. 12.11 is given by the following proposition. We note that in this 
proposition we follow the method of proof of |F-M-Z-lj Th. 1]. 

Proposition 2.15. If the Banach space X is SWCG with respect to a Ba- 
nach space Z, then there exists a family {M n>p : n,p G N} of subsets of X 
with the following properties: 
(i) For every neN and for every p G N the set M n ^ p is --weakly relatively 

compact. 
(ii) For every p6N and for every weakly compact subset L of X there 
exists nGN such that L C M n>p . 

Proof. Let K be a weakly compact subset of Z, that strongly generates X. 

Then for each n, p G N the set nK -\ — Bz is --weakly relatively compact 

p p 

subset of Z. Indeed, 



nK + -B z CnK* + -B z = nK + -B z ** C Z + ~B Z **. 

p p p p 

For every n, p G N put M„ iP = X n (nK + ±B Z ). Then, by jH-M-V-Zl 

Prop. 3.62], the set M n<p is an —weakly relatively compact subset of X for 

every n, p G N. Additionally, for every weakly compact subset L of X and 

1 

4p~ 
Therefore the family {M n;p : n,p G N} has the desired properties. □ 



for each peN there exists n G N such that L C nK + —B z , so L C M n>p . 



So we arrive at the following definition. 

Definition 2.16. We shall say that a Banach space X has property (*), if 
there exists a countable family {M np : n,p G N} of (convex and symmetric) 
subsets of X, that satisfies assertions (i) and (ii) of Prop. 12.151 

It is clear, from Prop. 12.151 that every Banach space X that is SWCG 
with respect to a Banach space Z has property (*). If A, B are ^-weakly 
relatively compact subsets of a Banach space X, then clearly the set AU B 
is e-weakly relatively compact. Thus in Def. 12.161 we can assume that 
M n>p C M n+ i^ p for each n, p G N. Moreover we can assume that the sets 
M np are convex and symmetric (see |H-M-V-Z| Th. 3.64]). 

Remark 2.17. (a) If a Banach space Z has property (*), then every 
closed linear subspace of X has property (*). Indeed, if a countable family 
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{M ntP : n,p 6 N} of subsets of Z witnesses that Z has property (*), then 
by jH-M-V-Zl Prop. 3.62] the sets K HiP = X f| M nAp ,fi,p6N ensure that 
X has property (*). 

(b) It is easy to see that a Banach space X has property (*) if there exists 
a countable family {M n ^ p : n,p G N} of ( convex and symmetric) subsets of 
Bx such that assertions (i) and (ii) of Prop. 12. 151 are satisfied for Bx- 

Theorem 2.18. Let X be a Banach space with property (*). Then X is 
SWKA and subspace of a WCG Banach space. 

Proof. Let {M„ )P : n,p G N} be a family of subsets of X that witnesses 
property (*) of X. 

The fact that the space X is a subspace of a WCG Banach space follows 
immediately by |F-M-Z-ij Th. 1]. To show that X is SWKA consider the 
map F: £ — > JC(X) with F(a) = (XI i M a / p y p . It is not difficult to see that 
F is well defined and usco. The proof is similar to the proof of direction 
(ii)=> (iii) of pTMl Prop. 3.1], so we omit it. □ 

Corollary 2.19. Every Banach space X , that is SWCG with respect to a 
Banach space Z is SWKA. 

Proof. It is immediate from Th. 12.181 and Def. 12.161 □ 

The next result extends a result of Schluchterman and Wheeler ( |S- W\ 
Th. 2.5]) in the wider class of Banach spaces with property (*). 

Theorem 2.20. Let X be a Banach space with property (*). Then X is 
weakly sequentially complete. 

Proof. Let {K m ^ p : m, p G N} be a family of closed convex symmetric subsets 
of X that witnesses property (*) and K myP C K m+ i tP for all m, p G N. 

Let (x n ) be a weakly Cauchy sequence of X. Then there exists x** G X** 
such that x n — > x**. Assume that the set {x n : n G N} is not weakly 
relatively compact. The family {2K m ^ p : m, p G N} consists of bounded, 
convex symmetric subsets and satisfies the following conditions: 

(a) For every m, p the set 2K m ^ p is --weakly relatively compact. 

(b) For every m,p6N holds 2K mtP C 2K m+ i tP . 

(c) For every weakly compact subset L of X and for every peN there 
exists m G N such that L C 2K m ^ p . 

Then there exists p G N such that {x n : n G N} G^ 2K m ^ p for all m G N. Thus 
for every m G N there exists n m G N such that x Um <£ 2K mtP . Moreover 
for each m G N infinitely many terms of the sequence do not belong to 
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2K m ^ p . For every n G N define mi(n) = min{m G N : x n G 2i^ mjP } and 
777.2(h) = min{m G N : x n G i^ mjP }. Clearly 7771(77) < 7772(77) for every 77 G N, 
x n G 2i£ mi ( n ) )P and x n ^ 2tY A)P if and only if A < 777 1 (n). 

We can choose inductively a subsequence (x kn ) of (x n ) such that (1) 
ini(k n+ i) > m 2 (k n ) for all 77 G N. Choose fei = 1. Assume that k\ < k 2 < 
■ ■ ■ < k n have been chosen. For 777 = m 2 (k n ) there exists 77 m such that 
x nm <£ 2K mtP and 77 m > k n . Put k n+ i = n m and then we have mi(k n +i) > 
777 = m 2 (k n ). The sequence (x kn ) is weakly Cauchy, hence there exists 
mo G N such that Xk n+1 — Xk n G K mo ^ for all 77 G N. Then it follows 
x kn+1 = (x kn+1 - x kn ) + x kn G K mojP + K m2(kn) , p for all 77 G N. Choose 
m 2 {k n ) > m . Then K moyP + K m2{kn))P C 27Y m2(fcn)iP , so a; fen+1 G 2K m2{kn)yP ; 
consequently mi(A;„ + i) < m 2 (k n ), which contradicts (1). We conclude then 
that the set {x n : 77 G N} is weakly relatively compact, hence x** G X and 
the space X is weakly sequentially complete. □ 

Corollary 2.21. Every Banach space X that is SWCG with respect to a 
Banach space Z is weakly sequentially complete. 

Proof. It is immediate from Th. I2.20[ as X has property (*). □ 

Corollary 2.22. Let X be a Banach space not containing £\(N). Then X 
has property (*) if and only if it is reflexive. 

Proof. If X is reflexive, then its closed unit ball Bx is a weakly compact 
set, hence X is SWCG and consequently has property (*). 

Assume that X has property (*). Then according to Th. I2.20I A is weakly 
sequentially complete and as £i(N) is not contained in X, by Rosenthal's 
£i-theorem follows that X is reflexive. □ 

Corollary 2.23. Let X be an Asplund Banach space (In particular X has 
separable dual). If X has property (*), then it is reflexive. 

Proof. Every separable subspace of X has separable dual, so X does not 
contain £i(N). According to Cor. 12.221 A is reflexive. □ 

We recall that a Banach space is called Polish if its closed unit ball (Bx, w) 
is a Polish topological space. We also say that a Banach space X has Cech 
complete ball if Bx is a G$ subset of (Bx**,w*). These classes of Banach 
spaces are introduced and studied by Edgar and Wheeler in |E-Wj (see also 

m\). 



Corollary 2.24. Let X be a non reflexive Banach space with Cech complete 
ball (Bx, w) (In particular, X is a non reflexive Polish Banach space). Then 
X does not have property (*). 
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Proof. Every Banach space with Cech complete ball is Asplund ( |E- W] ) . So 
the result follows from Cor. 12.231 □ 

It is known that an £ p -direct sum (1 < p < +oo) of SWKA Banach 
spaces is SWKA (cf. |K-M] ). We shall show now that property (*) is not 
preserved by £ p -direct sums (p > 1), even if each space is SWCG. 

Theorem 2.25. The Banach space 

(OO 
^]©!i(Nx {m}) 
m=l / 2 

does not have property (*), although it is SWKA and weakly sequentially 
complete. In particular it is not SWCG with respect to any Banach space. 

Proof. The space X is by [K^Ml Prop. 5.1] SWKA, as ^(N) is SWCG. 
Furtheremore 

(oo 
Y^ ©c (N x {m}) 
m=l 

and X has as an unconditional basis, the double sequence 

,0,e (njm) ,0,...,0) n,mGN, 




'(n,m)j n £ N is the usual basis of ^i(N) =li(Nx {m})- (In the sequel 
we identify e( n?m ) G £i(N) with e^m) G X.) The space X does not contain 
c (N), as it is SWKA (cf. [KfcSl Prop. 1.9, Cor 1.10] (ii)), thus it is weakly 
sequentially complete ( |L-T[ Th. I.e. 10]). 

Assume, towards a contradiction that X has property (*). Then there 
exists a family {M UjP : n,p G N} consisting of closed, convex and symmetric 
subsets of Bx such that 

(i) For every n, p G N the set M n>p is —weakly relatively compact, 
(ii) For every pfN and for every weakly compact subset L of Bx there 
exists n EN with L C M njP . 

For every a G £ consider the space 

(oo 
J2®£ 1 ({l,2,...a(m)) 
m=l J 2 

which is reflexive and satisfies X a C X. By B a we denote the closed unit 
ball of X a . Then IJo-es ^a — ^ x anc ^ ^ or ever y o~ E U the set B a is weakly 
compact. 

Let p > 2. For every n G N put A n = {a G E : £> CT C M„ iP }; then we 
have Z 1 = IJ^Li Ai- Using a Baire category argument, due to Talagrand 
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(cf. [Tlj. Th. 4.3]) we find no G N and an infinite subset D = {<Jk : k G N} 
of A no such that for some so G S holds so < <Jk and o~k(jno + 1) = k for all 
k G N, where m = |s |= the length of the finite sequence s . As D C A no , 
it follows that S CTfe C M n0}P for every fceN. Consequently 

{e( n ,m +i) : 1 < n < A; = o- fc (^o + 1)} C 5 CTfc C M n0iP for every k G N . 

Thus, we conclude that M = {e( njmo+ i) : n G N} C M n0tP . But this means 
that the usual basis of £i(N) is --weakly relatively compact subset of X, 
so --weakly relatively compact subset of ^i(N), which is false as - < 1 and 
the usual basis of ^i(N) is not e-weakly relatively compact subset of £\(N) 
for < e < 1. D 

Remark 2.26. (a) The previous result provides us with still another exam- 
ple with the properties of [S-W} Example 2.6]; that is a weakly sequentially 
complete and separable space that is not SWCG. Note that as it has been 
proved in |M-St Example 2.9] the example in |S-W] . in contrast with the 
present example, is not a SWKA space (see also |K-Mt Remark 4]). 

(b) The result described in Th. 12.251 is generalized, with the same essen- 
tially proof for a direct sum of the form 

X = I ^©£i(N x {m}) J , where 1 < p < +oo . 

\m=l / p 

Corollary 2.27. Let (X n ) be a sequence of Banach spaces such that £\(N) 
embeds in X n for infinitely many n£l. Then the space 

X — ( y^ @X n J , where 1 < p < +oo , 

\n=l / p 

does not have property (*). 

Proof. It follows immediately from Th. 12.251 and Remark 12.261 □ 

Corollary 2.28. Let (X n ) be a sequence of Banach spaces, such that X n 
has property (*) for every n G N. If X n is not reflexive for infinitely many 
ueN, then the space 

X — I y~] ®X n , where 1 < p < +oo 

\n=l / p 

does not have property (*). 

Proof. If X n is not reflexive, then from Cor J2.22| it contains ^i(N). By Cor. 
12.271 the conclusion follows. □ 
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Corollary 2.29. Let (X n ) be a sequence of SWCG Banach spaces, such 
that X n is not reflexive for infinitely many n6N. Then the space 

X — ( y^ ®X n ) , where 1 < p < +oo 

\n=l / p 

is not isomorphic to any subspace of a SWCG Banach space. 

Proof. It is clear by Cor. E22]and Cor. I2T281 □ 

In contrast to Th. 12.251 an ^-direct sum of a sequence (X n ) of SWCG 
Banach spaces is SWCG ( |S- W\ Prop. 2.9]). An analogous result can be 
proved if every X n is SWCG with respect to some superspace of it. 

Proposition 2.30. Let (X n ), (Z n ) be sequences of Banach spaces, such 
that X n C Z n , for all n G N and every X n is SWCG with respect to Z n . 
Then the space X = (J^Li ®X n )i is SWCG with respect to the space Z = 

(££i©z»)i. 

Proof. According to Th. 12.101 for every n G N there exists a metrizable 
topology T<i n in 5^* such that: 

(i) Td n is coarser than the Mackey topology r n on Bz*. 
(ii) Td n is finer than the topology Tx n on Bz* (of uniform convergence on 
weakly compact subsets of X n ). 

As Z is an ^-direct sum of Banach spaces it follows that Bz* = Yl^Li Bz*- 
Furthermore it is known by classical results about Mackey topology (cf. 
|S-W| Prop. 1.2]) that Mackey topology r on B z * is identified with the 
product topology of the spaces (Bz*,T n ). Consider Bz* endowed with the 
product topology of the topologies r^, which is denoted by r<f. It is clear 
that Td is metrizable and coarser than r (by (i)). If Tx is the topology on 
Bz* of uniform convergence on weakly compact subsets of X, then we can 
easily prove that Tx is identified with the product topology of Tx n , n G N, 
thus it is coarser than r^ (the proof is analogous to the proof of the fact that 
the space (Bz* , r) is identified with the topological product of the spaces 
(B z *, T n )). It follows from Th. l2TT0l that X is SWCG with respect to Z. □ 

Remark 2.31. It is worth noting that results similar to those described in 
the above proposition or the analogue of Schluchterman and Wheeler, are 
due to the fact that l\ norm essentially does not introduce new compact 
sets in an £i-direct sum of Banach spaces. So (with analogous techniques) 
we can prove that an ^-direct sum of Banach spaces with property (*), has 
property (*) as well. 
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Question 2.32. Let X be a Banach space with property (*). Is then X 
SWCG with respect to some superspace? 

3. Strongly JC aS Banach spaces. 

In this section we introduce a subclass of SWKA Banach spaces, that is, 
those Banach spaces which are strongly K a $ subsets of (X**,w*). As we 
shall see this subclass contains any other subclass of SWKA Banach spaces 
considered in this article. We recall that the class of K, a g Banach spaces X 
(that is, Banach spaces X, which are K. a s subset of (X**,w*)) contains the 
closed subspaces of WCG Banach spaces (|T1J) and is contained properly 
in WKA Banach spaces ( |A-A-M"T] ) . Let Xbea SWCG Banach space and 
K a weakly compact (convex and symmetric) subset of X, that strongly 
generates X, that is, for every e > and for every weakly compact subset 
L of X there exists nGN, such that L C nK + eBx- Then 



OO OO / -. \ 

X=r)\j(mK+-B x ~\ 

p=l m=l ^ r / 



that is, A is a K a $ subset of (X**,w*). Moreover for each p G N and for 
each weakly compact subset L of X there exists m G N such that 

L C mK + -B x ** , 
p 

which means that every SWCG Banach space is a strongly JC ff s subset of its 
second dual (X**,w*). 

As shown below the same is true and for those Banach spaces which have 
property (*) (consequently for those Banach spaces which are SWCG with 
respect to some superspace). This leads to the following definition. 

Definition 3.1. A Banach space X is called strongly K. a s if it is a strongly 
JC a s subset of its second dual (X**,w*). 

It is clear that every strongly K, a $ Banach space is SWKA (see Prop. 11.4)) . 

Theorem 3.2. Every Banach space X with property (*) is strongly K a &. 

Proof. Let {K np : n,p G N} be a family of convex symmetric subsets of X 
with the following properties: 

(i) For every n, p G N the set K n>p is --weakly relatively compact, 
(ii) For every p G N and for every weakly compact subset L of X there 
exists n G N such that L C K n ^ p . 
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For every n, p G N we have 



ex 



C X + -B x „ , so X C |J X n , p C |J K\ v C X + -5 X ** , 

n=l n=l 

hence 

OO OO OO • 1 

A-cnuK,cnx + ft 

p=l n=l p=l ^ 

Consequently 

OO OO 

*=nuK P - 

p=l n=l 

Moreover for every pGN and for every weakly compact subset L there exists 
n EN such that L C X n , hence X is a strongly /C CT( s Banach space. D 

Another class of strongly K. ff $ Banach spaces is the class of Polish Banach 
spaces. 

Lemma 3.3. Let X be a separable Banach space. Then: 

(i) Every open (or closed) subset of (X*,w*) is in w* topology a hemicom- 

pact space, so a strongly JC ff $ subset of (X*,w*). 
(ii) Every G$ subset of (X*,w*) is a strongly K, a s subset of (X*,w*). 
(hi) Every strongly JC-analytic subset of (X*,w*) is a Gs (hence a strongly 

ICffs) subset of(X*,w*). 

Proof, (i) As (X*,u>*) is a hemicompact space it follows immediately that 
every closed subset of it is also a hemicompact space. 

Let U be an open subset of (X*, w*). For every nsN put 

U n = Uf)nB x * = Uf)B x *[0,n}. 

It is clear that U n is an open subset of the compact metric space Bx* [0, n] 
(since X is separable). Thus U n is a locally compact separable metric space, 
consequently it is a hemicompact topological space (cf. Example 11.31) . U n 
can be written in the form U n = (Jm=i Kn,m, where every K n ^ m is a compact 
subset of (X*, w*) and in addition for every w* compact subset K of U n there 
exists m G N such that K C K n/m . We remark that 

OO OO OO 

U={jU n ={j \jK n , m , 

n=l n=l m=l 

that is, U is written as a countable union of compact subsets of it. Let 
K be a w* compact subset of U. Since K is bounded it is contained in 
a closed ball Bx*[0,n], hence U C U n . Then there exists m G N, such 
that K C K nrn , which means that the countable family of compact sets 
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{K n!m : n, m G N} dominates the compact subsets of U, thus U is in w* 
topology a hemi compact space. 

(ii) By (i) and by Prop. II. 6| the conclusion follows. 

(iii) Let A be a strongly /C-analytic subset of (X*, w*). Then each A n = 
A f] nBx* is a strongly /C-analytic subset of nBx* and so a G$ subset of 
this space. Since X* \A = \J^ = iinB x * \ A n ) and each of the sets nB x * \ A n 
is a a-compact subset of nBx* we get that A is a G$ set in X*. □ 

Theorem 3.4. Every Polish Banach space is strongly K. ff g. 

Proof. Let X be a Polish Banach space. The closed unit ball Bx of X is a G5 
subset of the closed unit ball (Bx**, w*) of X**. Moreover each ball nB x is a 
G,5 subset of nBx** for n > 1. So, as in the proof of assertion (iii) of Lemma 
13.31 (and since X* is separable) we get that X is a G$ subset of (X**,w*). 
The conclusion follows from assertion (ii) of the same Lemma. □ 

Remark 3.5. (a) From Cor. 12.221 if a Polish Banach space is non reflexive 
(for example, the predual of JT space of James), then it does not have 
property (*), especially it is not SWCG with respect to any superspace of 
it. 

(b) A weak*-Polish Banach space (according to Rosenthal's definition 
([R2]) is a separable Banach space X, that embeds to the dual of a (separa- 
ble) Banach space Y such that Bx is a Polish space in the weak* topology 
of Y*. It is clear that a Polish Banach space X is weak*-Polish in X**. This 
wider class of Banach spaces is studied by Rosenthal in |R2j . We note that 
the argument of the previous theorem with Lemma 13.31 imply that every 
weak*-Polish Banach space is a strongly K a $ subset of (Y*,w*). 

(c) The result stated in Th. 13.41 is also true and for Banach spaces with 
(Bx,w) Cech complete space, because every such space is isomorphic to a 
direct sum of a Polish and a reflexive Banach space (cf. |E-Wj and Prop. 
EH below). 

Proposition 3.6. The class of strongly K ff s Banach spaces is closed under 
closed subspaces and finite products. 

Proof. It follows immediately from Rem. 11.21 (ii) and from Prop. 11.81 □ 

It is also proved the analogue of |K-Ml Prop. 5.1]. (cf. also Th. |2.25[) . 

Theorem 3.7. Let (X n ) be a sequence of (strongly) K, a s Banach spaces and 
1 < p < 00. Then the space X = (J2^=i ®X n ) is (strongly) JC ff $. 
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Proof. For every n G N put Y n = (£Li ®X k ) p and Z n = (£~ n+1 ©*k) p - 
SoX = Y n ®Z n and X** = F n ** © Z**, where F n ** = (£Li ©A**) p . M ° r e 
precisely X = (y n © Z n ) p and X** = (Y** © Z**) p . 

Let p > 1. It follows from Prop. [L8]that Yn © Z** is a (strongly) K a& 

subset of (X**,w*), thus Y n -\ Bz** is also a (strongly) /C CT 5 subset of 

n 

(X**,w*) for every n G N. Let x** G Dnti( y " + ^-Bz**)- Tnen there exist 
y„ G Y" n and 2;** G £?z** such that x** = y n + £2** for all n G N, hence 



\x** -y Tt 



/n|| < - for an ^ G N. It follows that y n — > x**. Moreover {y n : n G 
N} C |J^° =1 Y" n and the subspace Unli Y n is dense in X = (Xl^Li ®X n ) p , 
so x** G X. Thus nr=i ( F « + J-B z «) = X and from Prop. 01isa 
(strongly) /C^ subset of (X**,w*). 

Let p = 1. Put E = (J2T=i ® x Dv dearly E is a subspace of X**. We 
claim that E is a strongly /C CT< 5 subset of (X**,w*). We first prove that 

p=ln=l ^ V J 

Since each 1^* H — S z ** is a cr-compact subset of (X**, u>*), if equality ([TJ 
holds true, then E is a /C ct5 subset of (X**,w*). Let x** = (x**) n G -E. 



Then Y^Li ||a£*ll < +00. So for every p G N there exists n(p) G N such 
,oc Ht**II <r I 

;fc=n(p)+l ll x fc II ^ p - 



that ^feLnfpl+i \\ x t*\\ < ~- ^ then follows that given p G N we have that, 



x** — (2**, x", • • • x** (p ), 0, . . . ) + (0, 0, . . . 0, x**( p ) +1 , . . .) G F n ** p ) + -B z ^* p) , 



>zi* 



hence x** G R^i Un°=i (*T + ^ 

Assume that x** G H^li Un°=i fc* + p-^r) • Then for each P e N there 
exists n{p) G N such that x** G Y" n *;\ + -B z ** , so for every p G N there 
exist ^r e YL*,*-, and 2** G -B^** , such that x** = y** + -z**. It follows that 

** P n \P) P ™(p) " P V 

11 ** _ ^**M < _ f Qr a jj £ pj which implies that y** — > x** G X**. As for 
p p p 

every p G N we have y;* G Y^ C £ = (J2Zi ® X T)i Q X ** , ^ follows 

that x** G E and equality ([1]) has been proved. Now let Q C £ be a w*- 

compact subset in X**. Then using a "gliding hump" argument we can prove 

that for every e > there exists X G N such that £n^=iv ll x n*ll < £ f° r all 

x** = (x**) G n (cf. [SEW1 Prop. 1.2]). This fact together with equality ©, 

easily imply that E is a strongly /C^ subset of (X**, w*). It is now clear that 

for every n G N the space (YlT=n+i ® X k*)i ^ s a strongly K a & subset of Z**. 

As the space Y n = (J2t=i ® x k) 1 is a (strongly) JC a s subset of (Y**,w*), we 

conclude that for every n G N the space [(ELi ® x k) 1 © {Y.t=n+i X t*)^\ l 
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is a (strongly) JC a $ subset of (Y** © Z**) t = X** . It then follows that the 
space 



n 

n=l 



Y n © £ X * 



\k=n+l 



X 



is a (strongly) JC a s subset of X**. D 

Subsequently we examine locally (in the weak topology of a Banach space) 
the property of strong /C-analyticity and the property of a set to be strongly 

Proposition 3.8. Let X be a strongly K, a s Banach space. Then every ball 
(open or closed) of X is a strongly JC a g subset of (X**,w*). 

Proof. Clearly, every closed ball of X is a strongly JC a s subset of (X**,w*), 
as a closed subset of (X, w). 

We are going to prove that the open unit ball B x of X is a strongly /C CT< 5 
subset of X**. It holds that B° x = Xf]B° x „ and B° x „ = {j^ =1 (l-^)B x „. 
The space (B x **,w*) is hemicompact, because for each w*-compact subset 
L of B° x „ there exists m G N such that L C (1 — — )Bx**- Consequently 
(B xtt ,w*) is a strongly K, a s subset of X**, so the open unit ball of X is a 
strongly JC^s subset of X**, as intersection of two strongly JC a s subsets. 

In a similar way we can prove that any open ball of X is a strongly K, a & 
subset of (X**,w*). D 

Remark 3.9. In the same manner we can prove that if X is }C a $, then every 
ball of X is a /C CT< 5 subset of (X**, w*). If in addition X is separable, then it 
is easy to see that every norm Gs subset of X is a K, a s subset of (X**, w*). 

Proposition 3.10. Let X be a Banach space and A C X. Then the fol- 
lowing are equivalent: 

(i) (A, w) is a strongly K, a $ subset of (X**,w*). 

(ii) There exists a family \K n ^ m : n,m G N} of w* -compact subsets of X** 
such that: 

(a) a = rr =1 ir=i K n , m 

(b) For each sequence (xj,) of A, which converges weakly to some x 
in A and for each n G N there exists m G N such that {xt '■ k G 
N} C K n>m . 

Proof. The proof uses the sequential compactness of a weakly compact set 
and as it is simple we omit it. □ 
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Lemma 3.11. Let X be a separable Banach space and V an open subset of 
X. Then there exists a countable family {V n : n G N} of closed balls of X 
such that V = IJ^Li ^n with the following property: For every sequence (x n ) 
of X , x G X with x n — ? x and L = {x n : n G N} IJ{ X } — ^ there exists 
N G N such that L C \J* =1 V n . 

Proof. The proof is simple, so we omit it. □ 

Lemma 3.12. Let X be a Polish space and {F a : a G E} be a family of 
closed subsets of X such that: 

(i) If a <t, then F a C Ft. 

(ii) For every compact subset K of the space Y = IJo-ei; ^ a ^ ere exists 
o G E such that K C F a . 

Then Y is Polish. 

Proof. As X is a Polish space there exists a family \X a : a G E} of compact 
subsets of X such that: 

(a) If a < r, then X a C Xt 

(b) For each compact subset K oi X there exists a G 17 such that 

(see [Chrl Th. 3.3] or [CT^l Th. 1.8]). Put K% = F a f]X T for all a,T e E. 
Clearly every K° is compact and also for every a G E we have F„ = 

Ur^C^n-Xr) = UtzzK, so F = (J^ ^ = U.r^ #?■ We remark 
that: 

(a) If n < r 2 and <n < a 2 , then 1££ = F ai f]X T1 C F CT2 n^ T2 = #£ 

(b) If fC is a compact subset of V, then there exist a, t £ E such that 
X C K°. (From (ii) and (b) there exists a G E such that K C F a 
and r G T such that K CF a f]X T = K°) 

Then by |Chrt Th. 3.3] the conclusion follows. D 

Proposition 3.13. Let X be a separable Banach space and A C X. If 
(A,w) is strongly JC-analytic, then (A, || • ||) is strongly K-analytic, equiva- 
lent^ A is a norm Gs subset of X . 

Proof. As (A, w) is strongly /C-analytic, there exist compact sets {A a : a G 
E} such that: 

(i) If a < t, then A a C A T . 

(ii) For every weakly compact subset K of A there exists a £ E, such that 
KCA„. 
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Then the sets A a are weakly compact, so norm-closed in X. As every norm 
compact set is weakly compact, by Lemma 13. 121 the space (A, || • ||) is Polish, 
so A is a norm G$ subset of X. □ 

The following results assure that in certain classes of separable Banach 
spaces X, a set A C X is strongly /C-analytic in (X, to) if and only if A is 
a strongly /C CT( j set in (X**,w*). 

Theorem 3.14. Let X be a separable Banach space with Schur property 
and iCI, Then the following are equivalent: 

(i) (A,w) is strongly K. -analytic 

(ii) (A, || • ||) is a G$ subset of (X, || • ||) (equivalently a Polish space) 
(iii) A is a strongly JC a s subset of (X**,w*). 

Proof, (i) =>■ (ii) It is immediate from Prop. 13.131 

(ii)=r- (iii) It is enough to prove that the result holds for norm open 
subsets of X. Let V be a norm open subset of X. As X is separable 

V is written as a countable union of closed balls, as in Lemma 13.111 Let 

V = \JZxB[yn,r n ] = \JZiVn- Then V = X^{{^ =1 B x „[ Vn: r n \). The 
space X is separable Banach space with Schur property, so it is SWCG. Let 
K be a weakly compact subset of X, that strongly generates X. Then 



CO M -. 

X=f){J(mK+ -B x „ 
and 



n 

n=l m=l 



v=f) 



n=l 

w 



oo 

\J(mK+-B x , 
v - y n 

m=l 



n 



U \jB x »[y ri 



_n=l \m=l 

Assume x n A x and L = {x n : n G N} |J{ X } — ^- The set L is weakly 
compact, so for each nGN there exists meN such that L C m.K'+ -B x **. 

Furtheremore A has Schur property, so x n — t x. Then according to Lemma 
13. Ill there exists m 6 N such that L C |J^ =1 14, so L C |J™ =1 i?x**[2/™' r J; 
which completes the proof. 

(iii) =^ (i) Every strongly K, a s subset of (X**,u>*) is strongly /C-analytic 
space. □ 

The following result is an immediate consequence of Lemma 13.31 

Proposition 3.15. Let X be a Banach with separable dual and A C X . 
Then the following are equivalent: 

(i) (A,w) is strongly K -analytic. 
(ii) (A,w) is strongly JC a g subset of (X**,w*). 
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(iii) (A,w) is a Gs subset of (X**,w*). 

Corollary 3.16. Let X be a Banach space with separable dual. The follow- 
ing are equivalent: 

(i) X is SWKA. 

(ii) Bx is strongly JC a g subset of (Bx**,w*). 
(iii) X is Polish. 
(iv) X is strongly fC a $. 

Proof. It is immediate from the previous proposition and Th. 13.41 □ 

We now mention some open questions. 

(A) Let X be a Banach space. 

(i) If X is SWKA, is then strongly K a & or at least K a {t 
(ii) If X is SWKA with unconditional basis, is then X strongly /C CT 5? 

We note that there exists a WKA Banach space, that is not K a s and in addi- 
tion every WKA Banach space with unconditional basis is fC ff g ( |A-A-M"1] . 
jA-A-M 2| ). 

(B) Let X be a Banach space. 

(i) Assume that the closed unit ball Bx of X is a K a s subset of (X**, w*). 

Is then X itself a K, a $ subset of (X**,w*)l (If X is separable, then it 

is of course a K, a s subset of (X**,w*).) 
(ii) Assume that the closed unit ball B x of X is a strongly K a $> subset of 

(X**, w*). Is then X itself a strongly K, aS subset of (X**, w*)l 

(C) Let X be a separable Banach space. 

(i) Assume that X is strongly K, a $. Does there exists a norm Gs subset of 
X, that is not a strongly K, a § subset of (X**,u>*)? (cf. Remark [3. 91 ) 

(ii) Let X = C[0, 1]. Does there exists a (necessarily norm Gs) strongly 
/C-analytic subset of (X,w), that is not a strongly K, a s subset of 
(X**,w*)7 (cf. Question US) 

It is worth noting that questions (A) and (B) (ii) make sense even in the 
class of separable Banach spaces. 
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